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NASA TTF-9561 

SELF-SIMILAR MOTION OF FLUID UNDER THE ACTION OF SURFACE TENSION 

F. L. Chernous'ko 

5.5960 
ABSTRACT 

Investigation of the behavior of a weightless 

fluid with a free surface set in motion from a state 

of rest by the force of surface tension. A particular 

case of the problem of self-similarity is formulated 

and solved. 

1. Let us examine the plane flow of an ideal, incompressible, - /54*  

weightless liquid having the density p. 

Cartesian coordinates in the flow plane. At the moment of time t = 0, 

the liquid is at rest and occupies the wedge (Figure 1) with the angle 

of opening a, which is bounded by the free surface y = 0 and the solid 

wall y =-xtga. 

and the contact angle y at the boundary between the liquid and the wall 

(Figure 1) are assumed to be constant. 

liquid is set in motion, and the flow will have a potential. This type 

of flow can develop when the surface tension is suddenly "switched on", 

and also in the following case, for example. For t < 0, let the liquid 

Let x,y be the rectangular 

The coefficient of surface tension u at the free boundary 

If y #a, then for t > 0 the 

Note: Numbers in the margin indicate pagination in the original 
foreign text. 



be a t  rest i n  t h e  f i e l d  of grav i ty .  The f r e e  s u r f a c e  thus  d i f f e r s  s i g n i f i -  

c a n t l y  from t h e  p lane  y = 0 only i n  t h e  reg ion  c l o s e  t o  t h e  w a l l ,  where a 

meniscus i s  formed (Ref. 1). The g r e a t e r  t h e  r a t i o  between t h e  f o r c e  of 

g r a v i t y  and t h e  f o r c e  of s u r f a c e  tens ion ,  t h e  smaller w i l l  be t h e  meniscus. 

A t  t h e  moment t = 0 ,  l e t  t h e  force  of g r a v i t y  ins tan taneous ly  become zero .  

Then a flow develops f o r  t > 0 ,  which w i l l  be  c l o s e  t o  t h e  s e l f - s i m i l a r  

f low being examined he re ,  i f  t h e  dimensions of t h e  i n i t i a l  meniscus are 

small as compared wi th  t h e  s c a l e  of t h e  process  i n  which w e  are i n t e r e s t e d  

( i . e . ,  i f  t h e  f o r c e  of g r a v i t y  i s  s u f f i c i e n t l y  l a r g e  f o r  t < 0 ) .  

The v e l o c i t y  p o t e n t i a l  q 0  (x,y, t )  s a t i s f i e s  t h e  Laplace equat ion  i n  

t h e  reg ion  of flow and the  condi t ion of rest a t  t h e  w a l l  ( t h e  i n d i c e s  

below des igna te  t h e  p a r t i a l  de r iva t ives )  

The p res su re  p i n  t h e  l i q u i d  having t h e  f r e e  s u r f a c e  y = f o ( x , t )  i s  

connected by t h e  fol lowing r e l a t i o n s h i p  wi th  t h e  cons tan t  p re s su re  po out- 

s i d e  of t h e  l i q u i d  (Ref. 1): 

P = Po - O K ,  K = k f," (1 f ' ' f, 02 ) 4, (1 2) 
I *  

K r e p r e s e n t s  t h e  cu rva tu re  of t h e  f r e e  su r face .  The upper s i g n  i n  

t h e  formula (1.2), and a l s o  i n  (1.7), must be  taken when t h e  l i q u i d  l i es  

below t h e  f r e e  s u r f a c e  ( j u s t  a s  i n  F igure  l), and t h e  lower s i g n  - i n  t h e  

oppos i t e  case. 

Taking i n t o  account t h e  formula f o r  p ,  w e  can w r i t e  t h e  Cauchy-Lagrange /55 

i n t e g r a l  f o r  p o i n t s  on t h e  f r e e  sur face ,  as w e l l  as t h e  kinematic  cond i t ion  
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A t  t h e  po in t  a t  which t h e  f r e e  boundary c o n t a c t s  t h e  w a l l ,  w e  have 

The i n i t i a l  condi t ionsand condi t ions a t  i n f i n i t y  have t h e  fol lowing 

form 

The problem (1.1) - (1.5) of determining t h e  func t ion  cpo,  f o  w i l l  be  

s e l f - s i m i l a r :  i t  con ta ins  two dimensional parameters a,p having t h e  dimen- 

s i o n s  [a]  = MT'*, [ p ]  = ML-3. L e t  u s  in t roduce  t h e  dimensionless ,  indepen- 

dent  v a r i a b l e s  < , n  and t h e  dimensionless des i r ed  func t ions  q,f  

Changing t o  new v a r i a b l e s  i n  equat ions (1.1) - (1.5),  according t o  

(1 .6) ,  w e  o b t a i n  the  boundary va lue  problem f o r  t he  func t ion  q,f  

The dashed l i n e  des igna te s  t h e  d e r i v a t i v e  wi th  r e spec t  t o  5. A non- 

l i n e a r  boundary va lue  problem ( 1 . 7 )  i s  formulated f o r  t h e  reg ion  (Figure 1) 

bounded by t h e  l i n e  q = -< tga  and t h e  unknown curve  r( = 

axi-symmetric flow can be  examined i n  a s imilar  manner. 

f ( < ) .  S e l f - s i m i l a r ,  
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2 .  Problem (1.7)  can be l i n e a r i z e d ,  i f  t h e  ang le s  y and a are s i m i -  

lar  t o  each o t h e r ,  i . e . ,  y-a = E ,  I E. I << 1. 

w e  a s sume ' tha t  t h e  func t ions  p,f and t h e i r  d e r i v a t i v e s  are of a s m a l l  

o rde r  E ,  and t h e  condi t ions  on the l i n e  r l  = 0 are removed from t h e  un- 

known boundary q = f ( < ) .  

For purposes of l i n e a r i z a t i o n ,  

i I  

Figure 1 

W e  must s e l e c t  t h e  upper of t he  two s i g n s  i n  (1.7), s i n c e  f o r  1 E I << 1 

t h e  d i s tu rbances  of t h e  f r e e  boundary are s m a l l ,  and t h e  l i q u i d  l i e s  below 

t h e  f r e e  su r face .  

For purposes of d e f i n i t i o n ,  l e t  us  set  a = l / ~ r .  Then t h e  l i n e a r i z e d  

boundary va lue  problem can be  reduced t o  determining t h e  func t ion  q(C,q), 

which i s  harmonic i n  t h e  quadrant <>O,q<O, as w e l l  as t h e  func t ion  f ( < )  

according t o  t h e  cond i t ion  
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D i f f e r e n t i a t i n g  t h e  second condi t ion  ( 2 . 1 )  wi th  r e spec t  t o  5, w e  /56 
exclude f" from t h e  cond i t ion  f o r  n = 0 ,  and w e  o b t a i n  t h e  boundary 

cond i t ion  f o r  qi i n  t h e  form 

The uniform l i n e a r  boundary value problem (2.2)  con ta ins  t h e  second 

d e r i v a t i v e  ysrl i n  t h e  boundary condi t ion ,  and does not  p e r t a i n  t o  a number 

of boundary va lue  problem types  which have been s tud ied .  

t h i s  problem has a one parametric se t  of s o l u t i o n s ,  and a s i n g l e  s o l u t i o n  

is  obta ined  by t h e  cond i t ion  f ' ( 0 )  = E .  

A s  w i l l  be  shown, 

L e t  u s  in t roduce  t h e  complex v a r i a b l e  z = [+iq and t h e  complex poten- 

t i a l  w = ' q + i + ,  where + i s  t h e  harmonic func t ion  conjugate  t o  y .  

l o s s  of g e n e r a l i t y ,  w e  can assume t h a t  + = 0 on t h e  b a s i s  of (2.2)  f o r  

5 = 0. Therefore ,  t h e  a n a l y t i c a l  func t ion  w(z) can be  continued by 

symmetry i n  t h e  e n t i r e  lower ha l f -p lane  q < O .  A s  fol lows from (2.2), on 

t h e  real  a x i s  w e  ob ta in  (dashed l ine  des igna te s  d e r i v a t i v e  wi th  r e s p e c t  t o  

2) 

Without 

L e t  u s  make t h e  s i n g l e  assumption t h a t  w s t r i v e s  t o  0 as t h e  d i p o l e  

p o t e n t i a l  f o r  z + m y  i .e. ,  w = ~ ( z - l ) ,  w'  = 0(2-2), w'' = O ( Z - 3 )  f o r  z + m .  

This  a s s u n p t i m  i s  s u b s t a n t i a t e d  by t h e  f a c t  t h a t  a s i n g l e  s o l u t i o n  which 

has  such an  asymptotic behavior  for  z + m w i l l  be  f o r m d a t e d  below. 

The func t ion  under t h e  s i g n  R e  i n  (2.3)  is  a n a l y t i c  f o r  rl < 0 ,  and - 
i n  view of t h e  given assumption - is bounded a t  i n f i n i t y .  From ( 2 . 3 )  w e  
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t hen  have 

Here C i s  s t i l l  an  a r b i t r a r y  real cons tan t .  

Thus, t h e  boundary va lue  problem (2.1) can be reduced t o  determining 

a s o l u t i o n  of t h e  ord inary  l i n e a r  d i f f e r e n t i a l  equat ion  (2.4) f o r  t h e  given 

asymptot ic  behavior w = O(z-l) a t  i n f i n i t y .  

When t h e  func t ion  w(z) = q+i$ is  found, t h e  form of t h e  f r e e  s u r f a c e  

f ( S )  can be  determined from t h e  second cond i t ion  (2 .1) ,  which r e p r e s e n t s  a 

l i n e a r  equat ion  of t h e  f i r s t  order  f o r  f .  

w e  can w r i t e  a s o l u t i o n  of t h i s  equat ion which s a t i s f i e s  t h e  cond i t ion  

Taking qq = -$E  i n t o  account ,  

f(m) = 0: 

L e t  u s  d i f f e r e n t i a t e  (2.5) and equate  f ' ( 0 )  = E 

W 
$< (E, 4) - 9c (5, 0) 

03 1 1  (2.6) 
3 $E (0, 0) -$E (1, 0) I dx = e' 

2 2  "s , 

The i n t e g r a l  (2.6) converges f o r  x = i n  view of t he  asymptot ic  /57 
behavior  w = O(z-l) and $e = O(C-2) .  From t h e  condi t ion  of symmetry 

$ ( O , n )  = 0 ,  it fo l lows  t h a t  $(c ,O)  i s  odd, and I / J c ( ~ , O )  is  an even func t ion  

of 5 .  This  means t h a t  $ ~ ( O , O ) - $ ~ ( x , O )  = O(x2) f o r  x -f 0 ,  and t h e  i n t e g r a l  

( 2 . 6 )  converges f o r  x = 0. The condi t ion  (2.6) can be used t o  determine 

t h e  cons t an t  C from (2.4) ,  which e n t e r s  i n t o  w wi th  a m u l t i p l i e r .  It can 

be r e a d i l y  shown t h a t  f o r  f ( 6 )  the cond i t ion  express ing  conserva t ion  of 

t h e  l i q u i d  mass can b e  f u l f i l l e d  from (2.5):  
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3 .  The particular solution wo of the non-homogeneous equation ( 2 . 4 )  

and the linearly-independent, special solutions wl, w2 of the corresponding 

( 2 . 4 )  homogeneous equation can be written in the following form: 

.- I 1 
I 

05 1 0 0  0 9 1  
'w2 =/ r] .);z3k+' 

I 
I /  

wg = c 2 akZ3k+a,  lwI =j a l ~ ) z 3 k ,  
k=0 k=n 1 , ik-0 

Substituting each of these series in the equation and setting the 

coefficients equal for powers of z, we obtain the recurrent relationships 

(the coefficients ao', ao" are arbitrary): 

-= 2 (1 i)I(Zk - 'la) 
ak-1 

' k  2 (- i) (2k - 1) -= 1 
3 (3k:- 1) 3k, I ak-l  I 3 (3k + 1) (3k + 2) ' a 0 = y ,  

ak" z (- i) (M - 5/3) I I 

-- (k  = 1, 2 , .  .I.) ; 
3.3k (3k + 1) I 

n -  

'k-1 I !  

A s  can be readily shown, this equation can be satisfied by assuming 

that 

Consequently, the desired functions WO, w1, w2 and the general solu- 

tion w of equation ( 2 . 4 )  equal 

7 



. 
The series in ( 3 . 1 )  converge for all z #a, i.e., w is an integral 

function. 

Since the desired, particular solution satisfies the condition Imw = 0 

for z = in, the arbitrary constants C1, C2 - as well as C - must be real. 

In order to determine them, by first substituting the variables 

we reduce equation ( 2 . 4 )  to a non-homogeneous confluent hypergeometric /58 

equation 

We can use the confluent, hypergeometric functions (Ref. 2 ,  3 )  

( 3 . 4 )  
@ @ (- V 6 ,  213; 71, Y = Y (- '/& v s ;  r )  

as the linearly-independent particular solutions of the homogeneous equa- 

tion corresponding to ( 3 . 3 ) .  

The Wronskian of the solution of ( 3 . 4 )  equals (Ref. 2 )  

Tv = my,' - V@,' = - [ r P/J r (-- I/&] e' 

We can write the solution of the non-homogeneous equation ( 3 . 3 )  by the 

( 3 . 5 )  

method of variation of arbitrary constants, assuming that 

w,  ' L- UD7 ' + vy* ' ( 3  6 )  .w = u@ + VY, -. 
As is customary in the method of variation of constEnts: for the 

function u,v we obtain the equation 

8 



. 
Formula (3.5) i s  employed t o  d e r i v e  t h e  r e l a t i o n s h i p  (3.7) .  

I n  view of ( 3 . 2 ) ,  w e  have the fol lowing i n  t h e  reg ion  of flow 

4 >' 0, < 0; I -  rc < arg z < 0; O < arg T 2 rc 

L e t  us  f i n d  t h e  asymptotic behavior of t h e  s o l u t i o n  w f o r  T -+ - i n  

I I I  

t h e  s e c t o r  0 < a r g  T < ' / 2 ~ .  

are v a l i d  i n  t h e  given s e c t o r :  

The fol lowing asymptotic formulas (Ref. 2) 

m - [r (2j3)  r ;(- I/,,) J .E-&/., ~ Y .j + ( 3 . 8 )  
I /  I 

L e t  u s  s u b s t i t u t e  ( 3 . 8 )  i n  (3.7) ,  and l e t  us determine u,v - car ry ing  

out  i n t e g r a t i o n  asymptot ical ly .  Then l e t  u s  s u b s t i t u t e  u ,v  i n  express ion  

(3.6) f o r  w. We o b t a i n  

I n  o r d e r  t h a t  w have a given asymptotic behavior w = O ( Z - ' ) = O ( T - " ~ )  f o r  

T -+ -, i t  i s  necessary t o  equate  the  c o n s t a n t s  u(-) = v(-) = 0 t o  zero.  

Then, tak ing  i n t o  account t h e  value of (3.7) by t h e  cons tan t  D and t h e  

r e l a t i o n s h i p  (3 .2) ,  from (3.9) we f i n d  t h e  asmyptotic behavior 

w - (3iC) f (22 )  f q r  2 T' 00 (3.10) 
1 :  

The asymptotic behavior (3.10) is  v a l i d  i n  t h e  remaining p o r t i o n  of 

t h e  flow reg ion ,  which can be examined i n  a similar manner. 

We obtained t h e  following f o r  t h e  func t ions  u ,v  from (3 .7) :  

9 



The integration paths in (3.11) are initiated for T + m ,  IargTl < ' / Z I T .  

The desired solution w can be determined unambiguously by the formulas 

(3.6), (3.4), (3.11). Substituting the known (Ref. 2) series expansions /59 

of the confluent hypergeometric functions (3.4) in powers of T in formulas 

(3.11) and (3.6), we can determine the expansion of the function w for small 

T 

In view of (3.11), the constants u(O), v(0) represent definite integrals 

along the real semi-axis (from 0 to m ) .  These integrals are calculated on 

the basis of formulas given on pages 269-270 of the book (Ref. 2), or on 

page 874 of the book (Ref. 3). After simple transformations utilizing 

functional relationships for the gamma-function and the relationship (3.2), 

we finally obtain 

w = cr (- + icr p p  z + cz2 +; o (9) 

Comparing this expansion with formulas (3.1), we can find the constants: 

c1 = 1 / 2  c y  c2 = -I/$. 

In view of (3.1), the desired solution of equation (2.4) is 

The asymptotic behavior of the solution for (3.12) for z +. is 

determined by the formula (3.10). Employing the asymptotic series for the 

confluent hypergeometric function (Ref. 2), we can readily determine the 

10 



asymptotic series f o r  w. L e t  us  present  t h e  f i n a l  r e s u l t  which - j u s t  as 

formulas (3.1) - can be v e r i f i e d  by d i r e c t  s u b s t i t u t i o n  i n  equat ion 

(2.4) : 

(3.13) 

Thus, t h e  d e s i r e d  s o l u t i o n  of equat ion (2.4) with t h e  requi red  asymp- 

t o t i c  behavior can be determined i n  t h e  form of a series (3.12),  which 

converges f o r  a l l  f i n i t e  z ,  i n  t he  form of an asymptotic series (3.13),  

and can a l s o  be  determined by formulas (3 .6) ,  (3.11) by means of t h e  con- 

f l u e n t  hypergeometric func t ions(3 .4) .  

4.  I n  o r d e r  t o  make a d e f i n i t i v e  determinat ion of t h e  flow and form 

of a f r e e  s u r f a c e ,  i t  is  necessary t o  determine t h e  constant  C. F i r s t  of 

a l l ,  from formula (3.12) w e  have: 

L e t  us  in t roduce  t h e  a d d i t i o n a l  f u n c t i o n  

Employing equat ion (4.1),  w e  can rewrite (4.2) i n  t h e  form 

For t h e  f u n c t i o n  $,-(<,O) = I m  w'(c), w e  can r e a d i l y  o b t a i n  both  t h e  

convergent and t h e  asymptotic series from formulas (3.12) and (3.13).  /60 - 

11 
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S u b s t i t u t i n g  t h e  f i r s t  of t h e s e  s e r i e s  i n  (4 .2) ,  and the second - i n  

(4 .3) ,  w e  can determine the  convergent and asymptotic ( f o r  5 -+ -) series 

f o r  P:  

2 (4k + 2 ) !  Ea + r (4k + 
E' I} (6k  + 5), (6 + 6)l : + (6k -t- 3) (6k + 4)! 

(4.4) 

Comparing formulas (2 .5) ,  (2 .6)  and ( 4 . 2 ) ,  (4 .3 ) ,  w e  can express  

t h e  cons t an t  C and t h e  form of the  f r e e  s u r f a c e  f(S) by t h e  func t ion  

The de termina t ion  of t h e  cons tan t  C y  which i s  included wi th  t h e  mul- 

t i p l i e r  i n  formulas (3.12),  (3.13) f o r  w ,  as w e l l  as t h e  de te rmina t ion  of 

t h e  f u n c t i o n  f ( c ) ,  can b e  reduced ( a s  can be  seen  from [ 4 . 5 ] )  t o  c a l c u l a t i n g  

t h e  f u n c t i o n  P(€,) and, i n  p a r t i c u l a r ,  P ( a ) .  The series (4.4) can be  

u t i l i z e d  f o r  t h i s  purpose. 

Another method employed i n  t h i s  work is  as fo l lows .  L e t  u s  examine 

equa t ion  (2.4) on t h e  rea l  a x i s ,  assuming z = 5 ,  w = cp+i$ = C(y1 + i y2 )  i n  

i t .  By sepa ra t ing  t h e  reai  and imaginary p a r t s  i n  (2.4), w e  can o b t a i n  a 

system of two equat ions  of t h e  second o r d e r  f o r  t h e  func t ions  y l ( S ) ,  y2(5) 

1 2  



This system w a s  i n t e g r a t e d  numerically on a EVM (computer) from 

5 = 0 t o  5 = 20 f o r  t h e  i n i t i a l  da ta  which were obta ined  from (3.12) 

1 ,  

I 
YI = '/a r (- VJ, y; = y2 = 0, yat = 1/2 r (?/3) f o r  E L o 

The f u n c t i o n  P(S) w a s  determined by means of y2 by quadra ture  of 

(4  2) 

I 

The inde termina te  form of the  in t eg rand  i n  (4.6) can  b e  r e a d i l y  ex- 

panded f o r  x - 0 ,  and f o r  s m a l l  5 w e  have t h e  fo l lowing  from (4.4) 

p (E) = VLl ( V 3 )  5 4- 0 (53) 

Determination of P (5 )  w a s  con t ro l l ed  by c a l c u l a t i n g  t h e  convergent 

series (4.4). 

The va lue  of P(a)  w a s  ca l cu la t ed  by P(S) f o r  6 = 15t20 ,  u t i l i z i n g  t h e  

l a t te r  from formula (4.4). The func t ion  f (S )  w a s  determined by means of 

P(S) according t o  formula (4.5).  

L e t  u s  p re sen t  some computational r e s u l t s ,  i n  which (2.1),  ( 4 . 1 ) ,  

(4.5) w e r e  a l s o  used: 

3 P (00) = 2.356, C 5 E /(P (00);' 0.k244e 

j (0) I= -a/, e r  (X/J / P (00) = ,0,8527~, 4: (0) = E 

j' (0) = y s g  (0, 0) = y, er (- vb) / P (00) = -0 .2874~  

Here, V i s  t h e  modulus of the dimensionless l i q u i d  v e l o c i t y  a t  

I 

v = I W' (0) 1 E r  / @ (00) := - a/3f (oh = 0.5685 e 

- 161 

t h e  o r i g i n  ( t h e  v e l o c i t y  is d i r ec t ed  along t h e  q-axis). F igure  2 p r e s e n t s  

a graph of t h e  f u n c t i o n  c - l f (S)  (of t h e  f r e e  l i q u i d  s u r f a c e ) .  The graph 

c l e a r l y  shows o s c i l l a t i o n s ,  whose frequency i n c r e a s e s ,  and t h e  amplitude 

r a p i d l y  decreases  wi th  a n  inc rease  i n  5 .  These o s c i l l a t i o n s  correspond t o  

13 



. 
c a p i l l a r y  waves which are propagated along t h e  f r e e  l i q u i d  s u r f a c e  according 

t o  a s e l f - s i m i l a r  l a w .  The s h o r t e r  waves are propagated wi th  a l a r g e r  

Figure 2 

v e l o c i t y ,  i n  accordance wi th  t h e  genera l  c h a r a c t e r i s t i c s  of c a p i l l a r y  waves 

(Ref. 1). I n  t h e  case of €, >> 1, t h e  func t ion  c - l f (6 )  has  asymptotic be- 

hav io r ,  which fol lows from (4.4) and ( 4 . 5 )  

ET1 f (8  - ' / r  [ p  (m) 91-l 
and s t r ives  t o  ze ro ,  remaining pos i t i ve .  

Thus, t h e  l i n e a r i z e d  se l f - s imi l a r  problem has  been completely solved 

f o r  c1 = l / 2 ~ .  

non-wetting l i q u i d  and E < 0 f o r  a wet t ing l i q u i d .  The change t o  dimensional 

v a r i a b l e s  i s  given by formulas (1.6) - f o r  example, t h e  r i s i n g  of t h e  l i q u i d  

and i t s  v e l o c i t y  a t  t h e  w a l l  equal  

W e  must remember t h a t  E = y - l / * i ~ ,  and t h e r e f o r e  E > 0 f o r  a 

'I' ' I ut2 'la 
f" (0, t )  = (7) f (O),= - 0.8527 (r - T )  (T) 

! I  
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